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CLASSIFICATION OF 3-DIMENSIONAL BIHOM-ASSOCIATIVE AND
BIHOM-BIALGEBRAS.
AHMED ZAHARI
Abstract. The purpose of this paper is to study the structure and the algebraic varieties of
BiHom-associative algebras. We provide a classification of n-dimensional BiHom-associative and
BiHom-bialgebras and BiHom Hopf algebras for n ≤ 3.
Introduction
The first motivation to study nonassociative BiHom-algebras comes from quasi-deformations
of Lie algebras of vector fields, in particular q-deformations of Witt and Virasoro algebras. It
was observed in the pioneering works, mainly by physicists, that in these examples a twisted Jacobi
identity holds. Motivated by these examples and their generalization on the one hand, and the desire
to be able to treat within the same framework such well-known generalizations of Lie algebras as
the color and Lie superalgebras on the other hand, quasi-Lie algebras and subclasses of quasi-hom-
Lie algebras and hom-Lie algebras were introduced by Hartwig, Larsson and Silvestrov in [5, 6].
The BiHom-associative algebras play the role of associative algebras in the BiHom-Lie setting.
Usual functors between the categories of Lie algebras and associative algebras were extended to
Hom-setting, see [10] for the construction of the enveloping algebra of a BiHom-Lie algebra.
A Hom-associative algebra (A, µ, α, β) consists of a vector space, a multiplication and two linear
endomorphism. It may be viewed as a deformation of an associative algebras, in which the associa-
tivity condition is twisted by the linear maps α and β in a certain way such that when α = id and
β = id, the BiHom-associative algebras degenerate to exactly associative algebras. In this paper
we aim to study the structure of BiHom-associative algebras. Let A be an n-dimensional K-linear
space and {e1, e2, · · · , en} be a basis of A. A BiHom-algebra structure on A with product µ is
determined by n3 structure constants Ckij , were µ(ei, ej) =
∑n
k=1 C
k
ijek and by α and β which is
given by 2n2 structure constants aij and bij , where α(ei) =
∑n
j=1 ajiej and β(ej) =
∑n
k=1 bkjek.
Requiring the algebra structure to be BiHom-associative and unital gives rise to sub-variety Hn
(resp. Hun) of k
n3+2n2 . Base changes in A result in the natural transport of the structure action of
GLn(k) on Hn. Thus the isomorphism classes of n-dimensional BiHom-algebras are in one-to-one
correspondence with the orbits of the action of GLn(k) on Hn (rep. Hun).
Key words and phrases. BiHom-associative algebra, BiHom-Bialgebra, BiHom-Hopf algebra, Classification.
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Furthermore, we shall consider the class of BiHom-bialgebras which are Hom-associative algebras
equipped with a compatible BiHomCoalgebra structure, in particular BiHomHopf algebras where
the additional structures like the comultiplication ∆ and the counit ǫ can be expressed in a base in
a similar way as the multiplication above. We shall also give a classification of these algebras up to
isomorphism in low dimension n ≤ 3.
The paper is organized as follows. In the first section we give the basics about BiHom-associative
algebras and provide some new properties. Moreover, we discuss unital BiHom-associative algebras.
In Section 2 is dedicated to describe algebraic varieties of BiHom-associative algebras and provide
classifications, up to isomorphism, of 2-dimensional (resp. 3-dimensional) BiHom-associative alge-
bras. Moreover, in Section 3 we shall recall the definitions of BiHom-bialgebras and BiHomHopf
algebras and present the classification up to dimension 3.
Acknowledgements. I’d like to thank my thesis supervisor Abdenacer Makhlouf and Martin
Bordomann for giving me the problem, for many fruitful discussions and for their constant support.
1. Structure of BiHom-associative algebras
Let K be an algebraically closed field of characteristic 0, A be a linear space over K. We refer
to a Hom-algebra by a 4-tuple (A, µ, α, β), where µ : A×A→ A is a bilinear map (multiplication)
and α and β be two homomorphisms of A (twist map).
1.1. Definitions.
Definition 1.1. [9]. A BiHom-associative algebra is a 4-tuple (A, µ, α, β) consisting of a linear
space A, a bilinear map µ : A × A → A and two linear space homomorphism α : A → A and
β : A→ A satisfying
(1.1) µ(α(x), µ(y, z)) = µ(µ(x, y), β(z)).
(1.2) α(µ(x, y)) = µ(α(x), α(y)) and β(µ(x, y)) = µ(β(x), β(y)).
(1.3) α ◦ β = β ◦ α.
Usually such BiHom-associative algebras are called multiplicative. Since we are dealing only with
multiplicative BiHom-associative algebras, we shall call them BiHom-associative algebras for sim-
plicity. We denote the set of all BiHom-associative algebras by H. In the language of Hopf algebras,
the multiplication of a BiHom-associative algebra over A consists of a linear map µ : A ⊗ A → A,
and Condition (1.1) can be written as
(1.4) µ(α(x) ⊗ µ(y ⊗ z)) = µ(µ(x⊗ y)⊗ β(z)).
3Definition 1.2. Let (A, µA, αA, βA) and (B, µB , αB, βB) be two BiHom-associative algebras. A
linear map ϕ : A→ B is called a BiHom-associative algebras morphism if
(1.5) ϕ ◦ µA = µB(ϕ⊗ ϕ), αB ◦ ϕ = ϕ ◦ αA and βB ◦ ϕ = ϕ ◦ βA.
In particular, BiHom-associative algebras (A, µA, αA, βA) and (B, µB , αB, βB) are isomorphic if
ϕ is also bijective.
Definition 1.3. A unital BiHom-associative algebra (A, µ, α, β, u) is called unital if there exists
an element uA ∈ A (called a unit) such that α(uA) = uA, β(uA) = uA and auA = α(a) and
uAa = β(a), ∀a ∈ A.
A morphism of unital BiHom-associative algebras φ : A −→ B is called unital if φ(uA) = uB.
1.2. Structure of BiHom-associative algebras.
We state in this section some properties on the structure of BiHom-associative algebras which are
not necessarily multiplicative.
Proposition 1.4 ([11]). Let (A, µ, α, β) be a BiHom-associative algebra and γ : A → A be a
BiHom-associative algebra morphism. Then (A, γµ, γα, γβ) is a BiHom-associative algebra.
Definition 1.5. Let (A, µ, α, β) be a BiHom-associative algebra. If there is an associative algebra
(A, µ′) such that µ(x, y) = (α⊗ β)µ′(x, y), ∀x, y ∈ A, we say that (A, µ, α, β) is of associative type
and (A, µ′) is its compatible associative algebra or the untwist of (A, µ, α, β).
Proposition 1.6. Let (A, µ, α, β) be an n-dimensional BiHom-associative algebra and φ : A→ A be
an invertible linear map. Then there is an isomorphism with an n-dimensional BiHom-associative
algebra (A, µ′, φαφ−1, φβφ−1) where µ′ = φ◦µ◦(φ−1⊗φ−1). Furthermore, if
{
Ckij
}
are the structure
constants of µ with respect to the basis {e1, . . . , en}, then µ
′ has the same structure constants with
respect to the basis {φ(e1), . . . , φ(en)}.
Proof. We prove for any invertible linear map φ : A → A, (A, µ′, φαφ−1, φβφ−1) is a BiHom-
associative algebra.
µ′(µ′(x, y), φβφ−1(z)) = φµ(φ−1 ⊗ φ−1)(φµ(φ−1 ⊗ φ−1)(x, y), φβφ−1(z))
= φµ(µ(φ−1(x), φ−1(y)), βφ−1(z)) = φµ(αφ−1(x), µ(φ−1(y), φ−1(z)))
= φµ(φ−1 ⊗ φ−1)(φ ⊗ φ)(αφ−1(x), µ(φ−1 ⊗ φ−1)(y, z)))
= φµ(φ−1 ⊗ φ−1)(φαφ1(x), φµ(φ−1 ⊗ φ−1)(y, z))) = µ′(φαφ−1(x), µ′(y, z)).
So (A, µ′, φαφ−1, φβφ−1) is a BiHom-associative algebra.
It is also multiplicative. Indeed, for α
φαφ−1µ′(x, y) = φαφ−1φµ(φ−1 ⊗ φ−1)(x, y) = φαµ(φ−1 ⊗ φ−1)(x, y)
= φµ(αφ−1(x), αφ−1(y)) = φµ(φ−1 ⊗ φ−1)(φ⊗ φ)(αφ−1(x), αφ−1(y)) = µ′(φαφ−1(x), φαφ−1(y)).
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We have also for β
φβφ−1µ′(x, y) = φβφ−1φµ(φ−1 ⊗ φ−1)(x, y) = φβµ(φ−1 ⊗ φ−1)(x, y)
= φµ(βφ−1(x), βφ−1(y)) = φµ(φ−1 ⊗ φ−1)(φ ⊗ φ)(βφ−1(x), βφ−1(y)) = µ′(φβφ−1(x), φβφ−1(y)).
Therefore φ : (A, µ, α, β) → (A, µ′, φαφ−1, φβφ−1) is a BiHom-associative algebras morphism,
since
φ ◦µ = φ ◦µ ◦ (φ−1⊗φ−1) ◦ (φ⊗φ) = µ′ ◦ (φ⊗φ) and (φαφ−1) ◦φ = φ ◦α and (φβφ−1) ◦φ = φ ◦β.
It is easy to see that {φ(ei), · · · , φ(en)} is a basis of A. For i, j = 1, · · · , n, we have
µ2(φ(ei), φ(ej)) = φµ1(φ
−1(ei), φ
−1(ej)) = φµ(ei, ej) =
∑n
k=1 C
k
ijφ(ek). 
Remark 1.7. A BiHom-associative algebra (A, µ, α, β) is isomorphic to an associative algebra if and
only if α = β = id. Indeed, φ ◦ α ◦ φ−1 = φ ◦ β ◦ φ−1 = id is equivalent to α = β = id.
Remark 1.8. Proposition 1.6 is useful to make a classification of BiHom-associative algebras. Indeed,
we have to consider the class of morphisms which are conjugate. Representations of these classes
are given by Jordan forms of the matrix. Any n×n matrix over K is equivalent up to basis change
to Jordan’s canonical form, then we choose φ such that the matrix of φαφ−1 = γ and λ = φβφ−1,
where γ and λ are Jordan canonical forms.
Hence, to obtain the classification, we consider only Jordan forms for the structure map of Hom-
associative algebras.
Proposition 1.9. Let (A, µ, α, β) be a Hom-associative algebra over K. Let (A, µ′, φαφ−1, φβφ−1)
be its isomorphic Hom-associative algebra described in Proposition 1.6. If ψ is an automorphism of
(A, µ, α, β), then φψφ−1 is an automorphism of (A, µ, φαφ−1, φβφ−1).
Proof. Note that γ = φαφ−1. We have
φψφ−1γ = φψφ−1φαφ−1 = φψαφ−1 = φαψφ−1 = φαφ−1φψφ−1 = γφψφ−1
. For β, we pose λ = φβφ−1, we have
φψφ−1λ = φψφ−1φβφ−1 = φψβφ−1 = φβψφ−1 = φβφ−1φψφ−1 = γφψφ−1.
For any x, y ∈ A,
φψφ−1µ′(φ(x), φ(y)) = φψφ−1φµ(x, y) = φψµ(x, y) = φµ(ψ(x), ψ(y))
= µ′(φψ(x), φψ(y)) = µ′(φψφ−1(φ(x)), φψφ−1(φ(y))).
By Definition, φψφ−1 is an automorphism of (A, µ′, φαφ−1, φβφ−1). 
The following characterization was given for Hom-Lie algebras in [12].
5Proposition 1.10. Given two BiHom-associative algebras (A, µA, αA, βA) and (B, µB , αB, βB)
over field K, there is a BiHom-associative algebra (A⊕B, µA⊕B, αA + αB, βA + βB), where µA⊕B
the usual multiplication
(a+ b)(a′ + b′) = (a, a′) + (b, b′).
µA⊕B(., .) : (A⊕B)× (A⊕B)→ (A⊕B) is given by
µA⊕B(a+ b, a
′ + b′) = (µA(a, a
′), µB(b, b
′)), ∀ a, a′ ∈ A, ∀ b, b′ ∈ B,
and the linear map (αA + αB, βA + βB) : A⊕B → A⊕B is given by
(αA + αB, βA + βB)(a, b) = ((αA + βA)a, (αB + βB)b)∀a ∈ A, b ∈ B.
Proof. For any a, a′, a′′ ∈ A, b, b′, b′′ ∈ B, by direct computation, we get
µA⊕B((αA + βA, αB + βB, )(a, b), µA⊕B(a
′ + b′, a′′ + b′′)) =
= µA⊕B(((αA + βA)a, (αB + βB)b), (µA(a
′, a′′), µB(b
′, b′′)))
= (µA(((αA + βA)a), µA(a
′, a′′)), µB((αB + βB)b, µB(b
′, b′′)))
= (µA(µA(a, a
′), (αA + βA)a
′′), µB(µB(b, b
′), (α+ β)b))
= (µA⊕B(µA⊕B(a+ b, a
′ + b′), (αA + βA, αB + βB)(a
′′, b′′))).
This ends the proof. 
A morphism of BiHom-associative algebras φ : (A, µA, αA, βA) → (B, µB, αB, βB) is a linear map
φ : A→ B such that φ◦µA(a, b) = µB ◦(φ(a), φ(b)), ∀a, b ∈ A, αB ◦φ = φ◦αA and βB ◦φ = φ◦βB
Denote by ξφ ⊂ A⊕B, the graph of the linear map φ : A→ B.
Proposition 1.11. A linear map φ : (A, µA, αA, βA) → (B, µB, αB, βB) is a BiHom-associative
algebras morphism if and only if the graph ξφ ⊂ A ⊕ B is a BiHom-associative sub-algebras of
(A⊕B, µA⊕B, αA + αB, βA + βB).
Proof. Let φ : (A, µA, αA, βA)→ (B, µB , αB, βB) be a BiHom-associative algebra morphism. Then
for any a, b ∈ A, we have
µA⊕B((a, φ(a)), (b, φ(b)) = (µA(a, b), µB(φ(a), φ(b))) = (µA(a, b), φµA(a, b)).
Thus the graph ξφ is closed under the product µA⊕B. Furthermore, since αB ◦ φ = φ ◦ αA and
βB ◦ φ = φ ◦ βA we have
(αA+αB, βA+βB)(a, φ(a)) = ((αA+βA)(a), (αB +βB)◦φ(a)) = ((αA+βA)(a), φ◦ (αA+βA(a))),
which implies that (αA + αB, βA + βB) ⊂ ξφ. Thus ξφ is a BiHom-associative sub-algebra of (A⊕
B, µA⊕B, αA + αB, βA + βB).
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Conversely, if the graph ξφ ⊂ A ⊕ B is a Hom-associative sub-algebra of (A ⊕ B, µA⊕B, αA +
αB, βA + βB), then we have
µA⊕B((a, φ(a)), (b, φ(b)) = (µA(a, b), µB(φ(a), φ(b)) ∈ ξφ,
which implies that µB(φ(a), φ(b)) = φ ◦ µA(a, b). Furthermore, (αA + βA, αB + βB)(ξφ) ⊂ ξφ yields
that
(αA + αB, βA + βB)(a, φ(a)) = ((αA + βA)a, φ ◦ (αA + βA)a) ∈ ξφ,
which is equivalent to the condition αB ◦ φ(a) = φ ◦ αA(a) and βB ◦ φ(a) = φ ◦ βA(a). Therefore, φ
is a BiHom-associative algebra morphism. 
1.3. Unital BiHom-associative algebras.
In this section we discuss unital BiHom-associative algebras. We denote by Hun the set of n-
dimensional unital BiHom-associative algebras.
Definition 1.12. A BiHom-associative algebra (A, µ, α, β) is called unital if there exists an element
u ∈ A such that µ(x, u) = α(x) and µ(u, x) = β(x) for all x ∈ A.
Proposition 1.13. Let (A, µ, α, β) be a BiHom-associative algebra. We set A˜ = span(A, u) the
vector space generated by elements of A and u. Assume µ(x, u) = α(x), andµ(u, x) = β(x)∀x ∈
A, α(u) = u and β(u) = u. Then (A˜, µ, α, β, u) is a unital Hom-associative algebra.
Proof. It is straightforward to check the Hom-associativity. For example
µ(µ(x, y), β(u)) = µ(µ(x, y), u) = α(µ(x, y)) = µ(α(x), α(y)) = µ(α(x), µ(y, u)). 
Remark 1.14. Some unital BiHom-associative cannot be obtained as an extension of a non unital
BiHom-associative algebra.
Remark 1.15. Let (A, µ, α, β, u) be an n-dimensional unital BiHom-associative algebra and φ : A→
A be an invertible linear map such that φ(u) = u. Then it is isomorphic to a n-dimensional BiHom-
associative algebra (A, µ′, φαφ−1, φβφ−1, u) where µ′ = φ ◦µ ◦ (φ−1⊗φ−1). Moreover, if
{
Ckij
}
are
the structure constants of µ with respect to the basis {e1, . . . , en} with e1 = u being the unit, then
µ′ has the same structure constants with respect to the basis {φ(e1), . . . , φ(en)} with u the unit
element.
Indeed, we use Proposition 1.6 and Definition 1.3. The unit is conserved since
µ′(x, e1) = φ◦µ(φ
−1(x), φ−1(e1)) = φ◦α◦φ
−1(x) andµ′(e1, x) = φ◦µ(φ
−1(e1), φ
−1(x)) = φ◦β◦φ−1(x)
Proposition 1.16. Let (A, µA, αA, βA, uA) and (B, µB, αB , βB, uB) be two unital BiHom-associative
algebras with φ(uA) = uB. Suppose there exists a BiHom-associative algebra morphism φ : A→ B.
If (A, µ′A, u
′
A) is an untwist of (A, µA, αA, βA, uA) then there exists an untwist of (B, µB , αB, βB, uB)
such that φ : (A, µ′A, u
′
A)→ (B, µ
′
B, u
′
B) is an algebra morphism.
7Proof. Because φ is a homomorphism from (A, µA, αA, βA, uA) to (B, µB , αB, βB, uB). Then αBφ =
φαA, and βB ◦ φ = φ ◦ βA for all x ∈ A, we have µB(φ(x), φ(uA)) = µB(φ(x), uB) = αB ◦ φ(x)
and µB(φ(uA), φ(x)) = µB(uB, φ(x)) = βB ◦ φ(x). We have also φ ◦ µA(x, uA) = φ ◦ αA(x) and
φ ◦µA(uA, x) = φ ◦ βA(x). By Proposition 1.13, we can see that (AB , µB, uB) is also an associative
algebra. Furthermore
µ′B(φ(x), φ(uA)) = µ
′
B(φ(x), uB) = φ ◦ α
′
A ◦ φ(x) = φ ◦ αA ◦ µA(x, uA)
= αB ◦ φ ◦ µA(x, uA) = αB ◦ µB(φ(x), uB) and
µ′B(φ(uA), φ(x)) = µ
′
B(uB, φ(x)) = φ ◦ β
′
A ◦ φ(x) = φ ◦ αA ◦ µA(uA, x)
= βB ◦ φ ◦ µA(uA, x) = βB ◦ µB(uB, φ(x)).

2. Algebraic varieties of BiHom-associative algebras and Classifications
In this section, we deal with Algebraic varieties of BiHom-associative algebras with a fixed
dimension. A BiHom-associative algebra is identified with its structures constants with respect
to a fixed basis. Their set corresponds to an algebraic variety where the ideal is generated by
polynomials corresponding to the BiHom-associativity condition.
2.1. Algebraic varieties Hn and their action of linear group. .
Let A be a n-dimensional K-linear space and {e1, · · · , en} be a basis of A. A BiHom-algebra struc-
ture on A with product µ and a structure map α and β is determined by n3 structure constants Ckij
where µ(ei, ej) =
∑n
k=1 C
k
ijek and by 2n
2 structure constants aji and bkj , where α(ei) =
∑n
j=1 ajiej
and β(ej) =
∑n
k=1 bkjek. If we require this algebra structure to be BiHom-associative, then this
limits the set of structure constants (Ckij , aij , bjk) to a cubic sub-variety of the affine algebraic variety
K
n3+2n2 defined by the following polynomial equations system :
(2.1)


∑n
l=1
∑n
m=1 ailC
m
jkC
s
lm − bmkC
l
ijC
s
lm = 0, ∀ i, j, k, s ∈ {1, . . . , n} ,∑n
p=1 aspC
p
ij −
∑n
p=1
∑n
q=1 apiaqjC
s
pq = 0, ∀ i, j, s ∈ {1, . . . , n} ,∑n
p=1 brpC
p
jk −
∑n
p=1
∑n
q=1 bpjbqkC
s
pq = 0, ∀ j, k, r ∈ {1, . . . , n} ,∑n
j=1 bjiakj −
∑n
j=1 ajibkjbqk == 0, ∀ j, k ∈ {1, . . . , n} .
Moreover if µ is commutative, we have Ckij = C
k
ji i, j, k = 1, · · · , n. The first set of equation cor-
respond to the BiHom-associative condition µ(α(ei), µ(ej , ek)) = µ(µ(ei, ej), β(ek)) and the second
set to multiplicativity condition α ◦ µ(ei, ej) = µ(α(ei), α(ej)) and β ◦ µ(ej , ek) = µ(β(ej), β(ek)).
We denote by Hn the set of all n-dimensional multiplicative Hom-associative algebras.
The group GLn(K) acts on the algebraic varieties of BiHom-structures by the so-called transport
of structure action defined as follows. Let A = (A, µ, α, β) be a n-dimensional BiHom-associative
algebra defined by multiplication µ and a linear map α and β. Given f ∈ GLn(K), the action f ·A
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transports the structure,
Θ : GLn(K)×Hn −→ Hn
(f, (A, µ, α, β)) 7−→ (A, f−1 ◦ µ ◦ (f ⊗ f), f ◦ α ◦ f−1, f ◦ β ◦ f−1)
defined for x, y ∈ A by
(2.2) f · µ(x, y) = f−1µ(f(x), f(y)), f · α(x) = f−1α(f(x)), f · β(x) = f−1β(f(x)).
The conjugate class is given by Θ(f, (A, µ, α, β)) = (A, f−1 ◦ µ ◦ (f ⊗ f), f ◦ α ◦ f−1, f ◦ β ◦ f−1))
for f ∈ GLn(K).
The orbit of a Hom-associative algebra A of Hasn is given by
ϑ(A) = {A′ = f · A, f ∈ GLn(K)} .
The orbits are in 1-1 correspondence with the isomorphism classes of n-dimensional BiHom-
associative algebras.
The stabilizer is
Stab((A, µ, α, β)) =
{
f ∈ GLn(K)|(f
−1 ◦ µ ◦ (f ⊗ f) = µ and f ◦ α = α ◦ f and f ◦ β = β ◦ f
}
.
We characterize –in terms of structure constants– the fact that two BiHom-associative algebras
are in the same orbit (or isomorphic). Let (A, µA, αA, βA) and (B, µB, αB, βB) be two n-dimensional
BiHom-associative algebras. They are isomorphic if there exists ϕ ∈ GLn(K) such that
(2.3) ϕ ◦ µA = µB(ϕ⊗ ϕ), αB ◦ ϕ = ϕ ◦ αA and βB ◦ ϕ = ϕ ◦ βA.
Remark 2.1. Conditions (2.3) are equivalent to µA = ϕ
−1 ◦ µB ◦ ϕ ⊗ ϕ, αA = ϕ
−1 ◦ αB ◦ ϕ and
βA = ϕ
−1 ◦ βB ◦ ϕ.
We set with respect to a basis {ei}i=1,··· ,n:
ϕ(ei) =
∑n
p=1 dpiep, α(ei) =
∑n
j=1 ajiej , β(ei) =
∑n
k=1 bkiek, i ∈ {1, . . . , n}
µA(ei, ej) =
∑n
k=1 C
k
ijek, µB(ei, ej) =
∑n
k=1 C˜
k
ijek, i, j ∈ {1, . . . , n} . Conditions (2.3) trans-
late to the following system
(2.4)


∑n
k=1 C
k
ijdpk −
∑n
k=1
∑n
q=1 dkidqj C˜
s
kq, ∀ i, j, p ∈ {1, . . . , n} ,∑n
p=1(dpiaqp − apidpq), ∀ i, q ∈ {1, . . . , n} ,∑n
p=1(dpibqp − bpidqp), ∀ i, q ∈ {1, . . . , n} .
We shall check whether the previous are isomorphic. In particular, we shall provide all 2-
dimensional BiHom-associative algebras, corresponding to solutions of the system (3.6). To this
end, we use a computer algebra system.
92.2. Classification in low dimensions.
Theorem 2.2. Every 2-dimensional multiplicative BiHom-associative algebra is isomorphic to one
of the following pairwise non-isomorphic BiHom-associative algebras (A, ∗, α, β) appearing in Table
1, where ∗ is the multiplication and α and β the structure maps. We set {e1, e2} to be a basis of
K
2.
Table 1
H21 : e1 ∗ e1 = e2, e1 ∗ e2 = e2, e2 ∗ e1 = −e1, e2 ∗ e2 = e2, α(e1) = e1, α(e2) = e2, β(e1) =
−e1, β(e2) = e2;
H22 : e1 ∗ e1 = e2, e1 ∗ e2 = e1, e2 ∗ e1 = −e1, e2 ∗ e2 = −e2, α(e1) = −e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H23 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2, e2 ∗ e2 = e2, α(e1) = e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H24 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2, e2 ∗ e2 = e1, α(e1) = e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H25 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e1, e2 ∗ e2 = e2, α(e1) = e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H26 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2, α(e1) = e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H27 : e1∗e2 = e1, e2∗e1 = −e1, e2∗e2 = −e2, α(e1) = −e1, α(e2) = e2, β(e1) = e1, β(e2) = e2;
H28 : e1∗e1 = −e1, e1∗e2 = −e2, e2∗e2 = e2, α(e1) = e1, α(e2) = −e2, β(e1) = e1, β(e2) = e2;
H29 : e1 ∗ e1 = e1, e1 ∗ e2 = −e2, e2 ∗ e1 = e2, α(e1) = e1, α(e2) = e2, β(e1) = e2, β(e2) = −e2;
H210 : e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e1+ e2, α(e1) = e1, α(e2) = e2, β(e1) = e1, β(e2) = e2;
H211 : e1 ∗ e1 = e2, e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e2, α(e1) = e1, α(e2) = e2, β(e1) =
e1, β(e2) = e2;
H212 : e1 ∗ e2 = e1, e2 ∗ e1 = e1, e2 ∗ e2 = e1, β(e2) = e1;
H213 : e2 ∗ e2 = e1, α(e1) = e1, α(e2) = e1 + e2, β(e1) = e1, β(e2) = e2.
Theorem 2.3. Every 2-dimensional unital multiplicative BiHom-associative algebra is isomorphic
to one of the following pairwise non-isomorphic BiHom-associative algebras (A, ∗, α, β) appearing
in Table 2, where ∗ is the multiplication and α and β the structure maps. We set {e1, e2} to be a
basis of K2 where e1 is the unit :
Table 2
Hu21 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2, e2 ∗ e2 = e1 + e2, α(e1) = β(e1) = e1, α(e2) =
β(e2) = e2;
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Hu22 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e1 = e2, α(e1) = β(e1) = e1, α(e2) = β(e2) = e2;
Hu23 : e1 ∗ e1 = e1, e1 ∗ e2 = −e2, e2 ∗ e1 = −e2, e2 ∗ e2 = e1, α(e1) = β(e1) = e1, α(e2) =
β(e2) = −e2;
Hu24 : e1∗e1 = e1, e1∗e2 = e2, e2∗e1 = e2, e2∗e2 = e2, α(e1) = β(e1) = e1, α(e2) = β(e2) = e2.
Theorem 2.4. Every 3-dimensional BiHom-associative algebra is isomorphic to one of the follow-
ing pairwise non-isomorphic BiHom-associative algebras (A, ∗, α, β) where ∗ is the multiplication
and α and β the structure maps. We set {e1, e2, e3} to be a basis of K
3.
H31 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e3 ∗ e2 = e3, e3 ∗ e3 = e3, α(e1) =
e1, α(e2) = e2,
β(e1) = e1, β(e2) = e1 − e2;
H32 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e1 ∗ e3 = e3, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e2 ∗ e3 = e3, e3 ∗ e1 =
e3, e3 ∗ e2 = e3,
α(e1) = e1, α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
H33 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e2 = e2, e1 ∗ e3 = −e3, e3 ∗ e2 = e1 − e2, α(e1) =
e1, α(e2) = e2,
α(e3) = −e3, β(e1) = e1, β(e2) = e1;
H34 : e1 ∗ e1 = e1, e1 ∗ e2 = e1 − e2, e2 ∗ e1 = e2, e2 ∗ e2 = −e1, α(e1) = e1, α(e2) =
e2, β(e1) = e1;
H35 : e1 ∗e1 = e1, e1 ∗e2 = e1, e2 ∗e1 = e2, e2 ∗e2 = e2, e3 ∗e1 = e3, e3 ∗e2 = e3, e3 ∗e3 =
e1 − e3,
α(e1) = e1, α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
H36 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e1 ∗ e3 = e3, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e2 ∗ e3 = e3, e3 ∗ e1 =
e3, e3 ∗ e2 = e3,
α(e1) = e1, α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
H37 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e3 ∗ e2 = e3, e3 ∗ e3 = e3, α(e1) = e1, α(e2) =
e2, β(e1) = e1;
H38 : e1 ∗ e3 = e1 − e2, e2 ∗ e3 = e1 − e2, e3 ∗ e3 = e1 − e2, α(e1) = e1, α(e2) = e1 − e2, α(e3) =
e2 − e3,
β(e1) = e1, β(e2) = e1 − e2, β(e3) = e2 − e3;
H39 : e2∗e3 = −e1, e3∗e2 = e1, e3∗e3 = e1, α(e1) = e1, α(e2) = e1+e2, α(e3) = e2+e3, β(e1) =
e1,
β(e2) = e1 + e2, β(e3) = e2 + e3;
H310 : e1∗e3 = e1+e2, e2∗e3 = e1+e2, e3∗e1 = e1−e2, e3∗e2 = e1−e2, e3∗e3 = e1−e2, α(e1) =
e1,
α(e2) = e1 − e2, α(e3) = e2 − e3, β(e1) = e1, β(e2) = e1 − e2, β(e3) = e2 − e3;
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H311 : e2 ∗ e3 = −e1, e3 ∗ e2 = e1, e3 ∗ e3 = e1, α(e1) = e1, α(e2) = e1 + e2, α(e3) = e1 + e2 +
e3, β(e1) = e1,
β(e2) = e1 + e2, β(e3) = e1 + e2 + e3;
H312 : e1 ∗ e3 = e1 − e2, e2 ∗ e3 = e1 − e2, e3 ∗ e3 = e1 − e2, α(e1) = e1, α(e2) = e1, α(e3) =
e2, β(e1) = e1,
β(e2) = e1, β(e3) = e2;
H313 : e1∗e3 = e1−e2, e2∗e3 = e1−e2, e3∗e1 = e1−e2, e3∗e2 = e1−e2, e3∗e3 = e1−e2, α(e1) =
e1, α(e2) = e1,
α(e3) = e2, β(e1) = e1, β(e2) = e1, β(e3) = e2.
Theorem 2.5. Every 3-dimensional unital BiHom-associative algebra is isomorphic to one of the
following pairwise non-isomorphic BiHom-associative algebras (A, ∗, α, β) where ∗ is the multipli-
cation and α and β the structure maps. We set {e1, e2, e3} to be a basis of K
3.
Hu31 : e1 ∗ e1 = e1, e1 ∗ e2 = e1 − e2, e2 ∗ e1 = e2, e2 ∗ e2 = −e1, e3 ∗ e3 = −e3 α(e1) =
e1, α(e2) = e2, β(e1) = e1, β(e2) = e1 − e2;
Hu32 : e1∗e1 = e1, e1∗e2 = e1, e2∗e1 = e2, e2∗e2 = e2, e2∗e3 = e1−e2, e3∗e1 = e3, e3∗e2 = e3,
e3 ∗ e3 = e1 − e2, α(e1) = e1, α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
Hu33 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e3 ∗ e1 = e3, e3 ∗ e2 = e3, α(e1) =
e1, α(e2) = e2,
α(e3) = e3, β(e1) = e1, β(e2) = e1;
Hu34 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e3 ∗ e3 = e3, α(e1) = e1, α(e2) =
e2, β(e1) = e1,
β(e2) = e1;
Hu35 : e1∗e1 = e1, e1∗e2 = e1−e2, e2∗e1 = e2, e3∗e1 = e3, α(e1) = e1, α(e2) = e2, α(e3) = e3,
β(e1) = e1, β(e2) = e1 − e2;
Hu36 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e2 ∗ e3 = e1 − e2, e3 ∗ e1 =
e3, e3 ∗ e2 = e3,
α(e1) = e1, α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
Hu37 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2 + e3, e3 ∗ e1 = e3, e3 ∗ e2 =
e3, α(e1) = e1,
α(e2) = e2, α(e3) = e3, β(e1) = e1, β(e2) = e1;
Hu38 : e1 ∗ e1 = e1, e1 ∗ e2 = e1 − e2, e2 ∗ e1 = e2, e3 ∗ e1 = e3, e3 ∗ e2 = e3, α(e1) = e1, α(e2) =
e2, α(e3) = e3,
β(e1) = e1, β(e2) = e1 − e2;
12 AHMED ZAHARI
H39 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e3 ∗ e1 = e3, e3 ∗ e2 = e3, α(e1) =
e1, α(e2) = e2,
α(e3) = e3, β(e1) = e1, β(e2) = e1;
Hu310 : e1 ∗ e1 = e1, e1 ∗ e2 = e1, e1 ∗ e3 = e3, e2 ∗ e1 = e2, e2 ∗ e2 = e2, e2 ∗ e3 = e3, α(e1) =
e1, α(e2) = e2,
β(e1) = e1, β(e2) = e1, β(e3) = e3;
Hu311 : e1 ∗ e1 = e1, e1 ∗ e3 = e3, e2 ∗ e2 = e2, e3 ∗ e2 = e2, α(e1) = e1, β(e1) =
e1, β(e3) = e3;
Hu312 : e1 ∗ e1 = e1, e1 ∗ e2 = e2, e2 ∗ e3 = e3, e3 ∗ e3 = e3, α(e1) = e1, β(e1) =
e1, β(e2) = e2;
Hu313 : e1 ∗ e1 = e1, e2 ∗ e2 = e2, e2 ∗ e3 = e2, e3 ∗ e1 = e3, α(e1) = e1, α(e3) =
e3, β(e1) = e1.
3. BiHom-coassociative coalgebras and BiHom-bialgebras
In this Section, we show that for a fixed dimension n, the set of BiHom-bialgebras is endowed
with a structure of an algebraic variety and a natural structure transport action which describes
the set of isomorphic BiHom-algebras. Solving such systems of polynomial equations leads to the
classification of such structures. We shall now introduce the dual concept to BiHom-associative
algebras:
Definition 3.1. A BiHom-coassociative coalgebra is 4-tuple (A,∆, ψ, ω) in which A is a linear
space, ψ, ω : A −→ A and ∆ : A −→ A⊗A are linear maps, such that
(3.1) ψ ◦ ω = ω ◦ ψ, (ψ ⊗ ψ) ◦∆ = ∆ ◦ ψ, (ω ⊗ ω) ◦∆ = ∆ ◦ ω, (∆⊗ ψ) ◦∆ = (ω ⊗∆) ◦∆.
We call ψ and ω (in this order) the structure maps of A.
Let V be an n-dimensional vector space overK. Fixing a basis {ei}i={1,...,n} of V , a multiplication
µ (resp. linear maps α, β, ψ, ω and a comultiplication ∆) is identified with its n3, 2n2 structure con-
stants Ckij ∈ K (resp. aji, bji, ξji, D
jk
i and γji) where µ(ei⊗ ej) =
∑n
k=1 C
k
ijek, α(ei) =
∑n
j=1 ajiej ,
β(ei) =
∑n
j=1 bjiej, ψ(ei) =
∑n
j=1 ξjiej, ω(ei) =
∑n
j=1 γjiej and ∆(ei) =
∑n
j,k=1 D
jk
i ej ⊗ ek. The
counit ε is identified with its n structure constants ζi. We assume that e1 is the unit.
A family
{
(Ckij , aji, bji, ξji, γji, D
jk
i ), . . . , i, j, k ∈ {1, . . . , n}
}
represents a BiHom-coassociative
coalgebra if the underlying family satisfies the appropriate conditions which translate to the follow-
ing polynomial equations:
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(3.2)


∑n
k=1 γkiξpk −
∑n
j=1 ξjiγpj = 0, ∀ i, p ∈ {1, . . . , n} ,∑n
j=1
∑n
k=1 D
jk
i ξpjξqk −
∑n
j=1 ξjiD
qp
j = 0, ∀ i, p, q ∈ {1, . . . , n} ,∑n
j=1
∑n
k=1D
jk
i γpjγqk −
∑n
k=1 γkiD
pq
k = 0, ∀ i, p, q ∈ {1, . . . , n} ,∑n
j=1
∑n
k=1(D
jk
i ξrk −D
jk
i γrjD
pq
k ) = 0, ∀ i, p, q, r ∈ {1, . . . , n} .
A morphism f : (A,∆A, ψA, ωA) −→ (B,∆B , ψB, ωB) of BiHom-coassociative coalgebras is a linear
map f : A −→ B such that ψB ◦ f = f ◦ ψA, ωB ◦ f = f ◦ ωA and (f ⊗ f) ◦∆A = ∆B ◦ f.
(3.3)


∑n
j=1(djiξkj − ξjidkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
j=1(djiγkj − γjidkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
j=1
∑n
k=1 D
jk
i dpjdqk −
∑n
j=1 djiD
qp
j = 0, ∀ i, p, q ∈ {1, . . . , n} .
A BiHom-coassociative coalgebra (A,∆, ψ, ω) is called counital if there exists a linear map ε : A→ K
(called a counit) such that
(3.4) ε ◦ ψ = ε, ε ◦ ω = ε, (idA ⊗ ε) ◦∆ = ω and (ε⊗ idA) ◦∆ = ψ.
We have
∑n
j=1 ξjiζj = ζi,
∑n
j=1 γjiζj = ζi,
∑n
p=1
∑n
q=1 D
pq
i εq = aij ,
∑n
p=1
∑n
q=1 D
qr
i εr =
bij .
A morphism of counital BiHom-coassociative coalgebras f : A −→ B is called counital if f = εA,
where εA and εB are the counits of A and B, respectively.
Definition 3.2. A BiHom-bialgebra is a 7-tuple (H,µ,∆, α, β, ψ, ω), with the property that (H,µ, α, β)
is a BiHom-associative algebra, (H,∆, ψ, ω) is a BiHom-coassociative coalgebra and moreover the
following relations are satisfied, for h, h′ ∈ H :
(3.5)
∆(hh′) = h1h
′
1 ⊗ h2h
′
2, α ◦ ψ = ψ ◦ α, α ◦ ω = ω ◦ α,
β ◦ ψ = ψ ◦ β, β ◦ ω = ω ◦ β, (α⊗ α) ◦∆ = ∆ ◦ α,
(β ⊗ β) ◦∆ = ∆ ◦ β, ψ(hh′) = ψ(h)ψ(h′), ω(hh′) = ω(h)ω(h′).
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(3.6)


∑n
k=1 C
k
i,jD
pq
k −
∑n
r=1
∑n
s=1
∑n
u=1
∑n
v=1 D
rs
i D
uv
j C
p
ruC
q
sv = 0, ∀ i, j, p, q ∈ {1, . . . , n} ,∑n
j=1(ξjiakj − ajiξkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
j=1(γjiakj − ajiγkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
j=1(ξjibkj − bjiξkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
j=1(γjibkj − bjiγkj) = 0, ∀ i, k ∈ {1, . . . , n} ,∑n
p=1
∑n
q=1D
pq
i arpasq −
∑n
j=1 ajiD
rs
j = 0, ∀ i, r, s ∈ {1, . . . , n} ,∑n
p=1
∑n
q=1 D
pq
i brpbsq −
∑n
j=1 bjiD
rs
j = 0, ∀ i, r, s ∈ {1, . . . , n} ,∑n
k=1 C
k
ijξpk −
∑n
k=1
∑n
q=1 ξkiξqjC
p
kq = 0, ∀ i, j, p ∈ {1, . . . , n} ,∑n
k=1 C
k
ijγpk −
∑n
k=1
∑n
q=1 γkiγqjC
p
kq = 0, ∀ i, j, p ∈ {1, . . . , n} .
We say that H is a unital and counital BiHom-bialgebra if, in addition, it admits a unit uH and
a counit εH such that
(3.7)
∆(uH) = uH ⊗ uH , εH(uH) = 1, ψ(uH) = uH , ω(uH) = uH ,
εH ◦ α = εH , εH ◦ β = εH , εH(hh
′) = εH(h)εH(h
′), ∀h, h′ ∈ H.
We have∆(e1) = e1⊗e1, ε(e1) = 1, ψ(e1) = e1, ω(e1) = e1,
∑n
j=1 ajiζj = ζi, and
∑n
j=1 bjiηj =
ηi.
Let us record the formula expressing the BiHom-coassociativity of ∆ :
(3.8) ∆(h1)⊗ ψ(h2) = ω(h1)⊗∆(h2), h ∈ H.
3.1. Classification in Dimension 2 in H2i .
Thanks to computer Hom-algebra, we obtain the following Hom-coalgebras associated to the pre-
vions Hom algebras in order to obtain a Hom-bialgebra structures. We denote the comultiplications
by ∆2i,j , where i indicates the item of the multiplication and j the item of comultiplication.
Theorem 3.3. The set of 2-dimensional BiHom-Bialgebras algebras yields two non-isomorphic
algebras. Let {e1, e2} be a basis of K
2, then the BiHom-Bialgebras are given by the following non-
trivial comultiplications.
1. ∆(e1) = e1 ⊗ e2 + e2 ⊗ e2, ∆(e2) = e1 ⊗ e1 − e2 ⊗ e2, ψ(e1) = −e1, ψ(e2) = e2, ω(e1) =
−e1, ω(e2) = e2;
2. ∆(e1) = e1⊗e1, ∆(e2) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ψ(e1) = e1, ω(e1) = e1, ω(e2) =
e2;
3. ∆(e1) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ψ(e1) =
e1, ψ(e2) = e2, ω(e1) = e1 − e2, ω(e2) = e1 − e2;
4. ∆(e1) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ψ(e1) =
e1 − e2, ψ(e2) = e1 − e2, ω(e1) = e1, ω(e2) = e2;
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5. ∆(e1) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ψ(e1) =
e1 − e2, ψ(e2) = e1 − e2, ω(e1) = e1 − e2, ω(e2) = e1 − e2;
6. ∆(e1) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ψ(e1) =
−e1 + e2, ψ(e2) = −e1 + e2, ω(e1) = e1, ω(e2) = e2;
7. ∆(e1) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1−e1⊗e2−e2⊗e1+e2⊗e2, ψ(e1) =
e1, ψ(e2) = e2;
8. ∆(e1) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ψ(e1) =
e1 − e2, ψ(e2) = −e1 + e2;
9. ∆(e1) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ψ(e1) =
e1 − e2, ψ(e2) = −e1 + e2, ω(e1) = e1 − e2, ω(e2) = −e1 + e2;
10. ∆(e1) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ∆(e2) = e1⊗e1+e1⊗e2+e2⊗e1+e2⊗e2, ω(e1) =
e1 + e2, ω(e2) = e1 + e2.
Remark 3.4. There is no BiHom-Bialgabra whose underlying BiHom-associative algebra is given
by H21.
Theorem 3.5. The set of 2-dimensional unital BiHom-Bialgebras yields two non-isomorphic al-
gebras. Let {e1, e2} be a basis of K
2, then the unital BiHom-Bialgebras are given by the following
non-trivial comultiplications.
1. ∆21,1(e1) = e1 ⊗ e1, ∆
2
1,1(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
e2, ω(e1) = e1,
ω(e2) = e2, ε(e1) = 1, ε(e2) = 2;
2. ∆21,2(e1) = e1 ⊗ e1, ∆
2
1,2(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
e1, ω(e1) = e1,
ω(e2) = e1, ε(e1) = 1, ε(e2) = 2;
3. ∆21,3(e1) = e1 ⊗ e1, ∆
2
1,3(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
e1, ω(e1) = e1,
ω(e2) = e1, ε(e1) = 1, ε(e2) = −1;
4. ∆21,4(e1) = e1 ⊗ e1, ∆
2
1,4(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
−e1, ω(e1) = e1,
ω(e2) = −e1, ε(e1) = 1, ε(e2) = −1;
5. ∆22,1(e1) = e1 ⊗ e1, ∆
2
2,2(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
e1, ω(e1) = e1,
ω(e2) = e1, ε(e1) = 1, ε(e2) = 1;
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6. ∆22,2(e1) = e1 ⊗ e1, ∆
2
2,3(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) =
e2, ω(e1) = e1,
ω(e2) = e2, ε(e1) = 1, ε(e2) = 1;
7. ∆24,1(e1) = e1 ⊗ e1, ∆
2
3,1(e2) = e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) = e1, ω(e2) =
e2, ε(e1) = 1, ε(e2) = 1;
8. ∆24,2(e1) = e1 ⊗ e1, ∆
2
4,2(e2) = e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) = e1, ω(e2) =
e1, ε(e1) = 1, ε(e2) = 1;
9. ∆24,3(e1) = e1⊗ e1, ∆
2
4,3(e2) = e1⊗ e2+ e2⊗ e1− 2e2⊗ e2, ψ(e1) = e1, ψ(e2) = e2, ω(e1) =
e1, ω(e2) = e2,
ε(e1) = 1, ε(e2) = 1;
10. ∆24,4(e1) = e1 ⊗ e1, ∆
2
4,4(e2) = e1 ⊗ e2 + e2 ⊗ e1 − e2 ⊗ e2, ψ(e1) = e1, ψ(e2) = e1, ω(e1) =
e1, ω(e2) = e1,
ε(e1) = 1;
Remark 3.6. There is no BiHom-Bialgabra whose underlying BiHom-associative algebra is given
by Hu23.
3.2. Classification in Dimension 3 in H3i .
Thanks to computer Hom-algebra, we obtain the following Hom-coalgebras associated to the pre-
vions Hom algebras in order to obtain a Hom-bialgebra structures. We denote the comultiplications
by ∆3i,j , where i indicates the item of the multiplication and j the item of comultiplication.
Theorem 3.7. The set of 3-dimensional BiHom-Bialgebras yields two non-isomorphic algebras.
Let {e1, e2, e3} be a basis of K
3, then the BiHom-Bialgebras are given by the following non-trivial
comultiplications.
1. ∆(e1) = e1 ⊗ e1, ∆(e2) = e1⊗ e1 + e1⊗ e2 − e1⊗ e3 + e2⊗ e1 + e2⊗ e3 − e3⊗ e1 − e3⊗ e3,
∆(e3) = e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1 + e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e1 +
e2, ω(e3) = e3;
2. ∆(e1) = e1⊗e1, ∆(e2) = e1⊗e1+e1⊗e2+e1⊗e3+e2⊗e1−e2⊗e2+e2⊗e3−e3⊗e1+e3⊗e2
∆(e3) = e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e1, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e1, ω(e3) = e3;
3. ∆(e1) = e1⊗e1+e3⊗e3, ∆(e2) = e1⊗e2+e2⊗e1, ∆(e3) = e1⊗e3+e3⊗e1, ψ(e1) = e1,
ψ(e3) = e3, ω(e1) = e1, ω(e3) = e3;
4. ∆(e1) = e1⊗e1+e3⊗e3, ∆(e2) = e1⊗e2+e2⊗e1, ∆(e3) = −e1⊗e3−e3⊗e1, ψ(e1) =
e1,
ψ(e3) = e3, ω(e1) = e1, ω(e3) = e3;
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5. ∆(e1) = e1⊗ e1, ∆(e2) = e1⊗ e2 + e2⊗ e1 + e2⊗ e2, ∆(e3) = e1⊗ e3 + e2 ⊗ e3 + e3⊗ e1 +
e3 ⊗ e2 − e3 ⊗ e3,
ψ(e1) = e1, ω(e1) = e1;
6. ∆(e1) = e1⊗ e1, ∆(e2) = e1⊗ e2 + e2⊗ e1 + e2⊗ e2, ∆(e3) = e1⊗ e3 + e2 ⊗ e3 + e3⊗ e1 +
e3 ⊗ e2 − e3 ⊗ e3,
ψ(e1) = e1, ψ(e2) = e2, ω(e1) = e1, ω(e2) = e2;
7. ∆(e1) = 0, ∆(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1, ψ(e1) =
e1, ψ(e2) = e1 − e2, ψ(e3) = −e3, ω(e1) = e1, ω(e2) = e1 − e2, ω(e3) = −e3;
8. ∆(e1) = 0, ∆(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1, ψ(e1) =
e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e1 − e2, ω(e3) = −e3;
9. ∆(e1) = 0, ∆(e2) = −e1 ⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 ⊗ e3 + e3 ⊗ e1, ψ(e1) =
e1, ψ(e2) = e1 − e2, ψ(e3) = −e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3.
Remark 3.8. There is no BiHom-Bialgabra whose underlying BiHom-associative algebra is given
by H33, H
3
5.
Theorem 3.9. The set of 3-dimensional unital BiHom-Bialgebras yields two non-isomorphic alge-
bras. Let {e1, e2, e3} be a basis of K
3, then the unital BiHom-Bialgebras are given by the following
non-trivial comultiplications.
1. ∆32,1(e1) = e1 ⊗ e1, ∆(e2) = −e1⊗ e1 + e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1⊗ e1− e1⊗ e2 + 2e1⊗
e3−e2⊗e1+e2⊗e2−e2⊗e2+2e3⊗e1−e3⊗e2+e3⊗e3, ψ(e1) = e1, ψ(e2) = e1, ω(e1) =
e1, ω(e2) = e1, ε(e1) = ε(e2) = 1;
2. ∆33,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e1 + e1 ⊗ e2 + e1 ⊗ e3 + e2 ⊗ e1 − e2 ⊗ e2 − e2 ⊗ e3 − e3 ⊗
e1 + e3 ⊗ e2, ∆(e3) = −ae3 ⊗ e3, ψ(e1) = e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) =
e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
3. ∆34,1(e1) = e1⊗e1, ∆(e2) = e2⊗e2, ∆(e3) = e1⊗e3+e3⊗e1+e3⊗e3, ψ(e1) = e1, ψ(e2) =
e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
4. ∆312,1(e1) = e1⊗e1, ∆(e2) = e1⊗e2+e2⊗e1, ∆(e3) = e1⊗e3+e3⊗e1, ψ(e1) = e1, ω(e1) =
e1, ε(e1) = 1;
5. ∆315,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e1 + e1 ⊗ e2 − e1 ⊗ e3 + e2 ⊗ e1 − e2 ⊗ e3 − e3 ⊗ e1 −
e3 ⊗ e2 + 2e3 ⊗ e3, ∆(e3) = −e2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2, ψ(e1) = e1, ψ(e3) = e1, ω(e1) =
e1, ω(e3) = e1, ε(e1) = ε(e3) = 1;
6. ∆315,2(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 − ae2 ⊗ e2 − e2 ⊗ e3 − e3 ⊗ e2, ∆(e3) =
e1 ⊗ e3 + be2 ⊗ e2 − e3 ⊗ e1 − e3 ⊗ e3, ψ(e1) = e1, ψ(e2) = ce2, ψ(e3) = de2 + e3, ω(e1) =
e1, ω(e2) = ce2, ω(e3) = de2 + e3, ε(e1) = 1;
18 AHMED ZAHARI
7. ∆320,1(e1) = e1⊗e1, ∆(e2) = e2⊗e2, ∆(e3) = e1⊗e3+e3⊗e1+e3⊗e3, ψ(e1) = e1, , ψ(e2) =
e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1;
8. ∆321,1(e1) = e1⊗e1, ∆(e2) = e1⊗e2+e2⊗e1+e2⊗e2, ∆(e3) = e3⊗e3, ψ(e1) = e1, ψ(e2) =
e2, ω(e1) = e1, ω(e2) = e2, ε(e1) = 1, ε(e2) = 1;
9. ∆321,2(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1, ∆(e3) = e1 + ⊗e3 + e3 ⊗ e1, ψ(e1) =
e1, ω(e1) = e1, ε(e1) = 1;
10. ∆322,1(e1) = e1 ⊗ e1, ∆(e2) = e1 ⊗ e2 + e2 ⊗ e1 + e2 ⊗ e2 + e2 ⊗ e3 + e3 ⊗ e2, ∆(e3) =
e1 +⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) = e1, ψ(e3) = e3, ω(e1) = e1, ω(e3) = e3, ε(e1) = 1;
11. ∆322,2(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 + ⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) =
e1, ω(e1) = e1, ε(e1) = 1;
12. ∆322,3(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 + ⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) =
e1, ψ(e3) = e3, ω(e1) = e1, ω(e3) = e3, ε(e1) = 1;
13. ∆322,4(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2, ∆(e3) = e1 + ⊗e3 + e3 ⊗ e1 + e3 ⊗ e3, ψ(e1) =
e1, ψ(e2) = e2, ψ(e3) = e3, ω(e1) = e1, ω(e2) = e2, ω(e3) = e3, ε(e1) = ε(e2) = 1.
Remark 3.10. There is no unital BiHom-Bialgabra whose underlying unital BiHom-associative al-
gebra is given by Hu31, Hu
3
5, Hu
3
7, Hu
3
8, Hu
3
10.
We introduce the concept of BiHom-Hopf algebras.
Definition 3.11. Let (H,µ,∆, α, β) be a unital and counital BiHom-bialgebra with a unit 1H and
a co-unit εH . A linear map S : H → H is called an antipode if it commutes with all the maps
α, β, ψ, ω and it satisfies the relation :
ψω(S(h1))αβ(h2) = εH(h)1H = βψ(h1)αω(S(h2)), ∀h ∈ H.
A BiHom-Hopf algebra is a unital and counital BiHom-bialgebra with an antipode.
∑n
s=1
∑n
q,r=1
∑n
l,p=1
∑n
j,k=1D
jk
i SljgpkfqlarpbqrC
t
sr − ξi = 0, ∀ i, t ∈ {1, n} ;∑n
s=1
∑n
q,r=1
∑n
l,p=1
∑n
j,k=1D
jk
i fljSljbqlgrpasrC
t
qr − ξi = 0, ∀ i, t ∈ {1, n} .
Proposition 3.12. The BiHom-bialgebra structures on K2 which are BiHom-Hopf algebras are
given by the following pairs of multiplication and comultiplication with the appropriate unit and
conits :
(Hu21,∆
2
1,1), (Hu
2
1,∆
2
1,2), (Hu
2
1,∆
2
1,4), (Hu
2
2,∆
2
2,1), (Hu
2
2,∆
2
2,2), (Hu
2
4,∆
2
4,1), (Hu
2
4,∆
2
4,2), (Hu
2
4,∆
2
4,3), (Hu
2
4,∆
2
4,4).
Proposition 3.13. The BiHom-bialgebra structures on K3 which are BiHom-Hopf algebras are
given by the following pairs of multiplication and comultiplication with the appropriate unit and
conits :
(Hu33,∆
3
3,1), (Hu
3
4,∆
3
4,1), (Hu
3
12,∆
3
12,1), (Hu
3
15,∆
3
15,1), (Hu
3
15,∆
3
15,2), (Hu
3
21,∆
3
21,1), (Hu
3
21,∆
3
21,2), (Hu
3
22,∆
3
22,1),
(Hu322,∆
3
22,2), (Hu
3
22,∆
3
22,3), (Hu
3
22,∆
3
22,4).
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